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Abstract. We show that a proper holomorphic mappingf : D → D′ from
a domainD � C

n with real-analytic boundary to a domainD′ � C
n with

real-algebraic boundary extends holomorphically to a neighborhood ofD.

1. Introduction and the main result

The problem of boundary regularity of proper holomorphic mappings be-
tween bounded domains inCn, n ≥ 2, has been studied for a long time.
This problem seems to be completely solved for strictly pseudoconvex do-
mains. Positive answers have been also obtained for pseudoconvex domains
of finite type withC∞ boundary. For a survey on the subject until 1989 see
[F].

The question remains open for non pseudoconvex domains even in the
case when both domains have smooth real-analytic boundary. The goal of
this paper is to present the following result.

Theorem 1. Let D,D′ be bounded domains inCn, n ≥ 2, let ∂D, the
boundary ofD, be smooth real-analytic and∂D′ be smooth real-algebraic.
Let f : D → D′ be a proper holomorphic mapping. Thenf extends holo-
morphically to a neighborhood ofD.

Analogous theorems for bounded pseudoconvex domains inC
n with

smooth real-analytic boundaries were proved in [DF2] and [BR]. For ar-
bitrary bounded domains with smooth real-analytic boundaries inC

2 the
result was proved in [DP1].

By a real-algebraic boundarywemean a real hypersurface inC
n globally

defined by a polynomial equationP (z, z) = 0. Our proof of Theorem 1 is
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based on the idea of analytic continuation of holomorphic mappings along
hypersurfaces. We first show thatf extends to some open set in∂D and
then continuef holomorphically along∂D. Note that we do not require
pseudoconvexity ofD orD′, and we do not assumeapriori any regularity
of f on the boundary.

The following corollary generalizes awell-known theoremofH. Alexan-
der [A] stating that any proper holomorphic self-map of a unit ball is bi-
holomorphic.

Corollary 1. Let f be a proper holomorphic self-map of a bounded do-
mainD ⊂ C

n, n > 1 with smooth real-algebraic boundary. Thenf is
biholomorphic.

Proof. By the result of [HP]f is biholomorphic iff extends smoothly to
∂D. By Theorem 1f extends holomorphically to a neighborhood ofD.

��
In Sect. 2 we give basic definitions of Segre varieties and holomorphic

correspondences. In Section 3 we prove analytic continuation of germs of
holomorphic mappings along Segre varieties. The proof of Theorem 1 is
contained in Section 4.

2. Notation and preliminaries

Let Γ be an arbitrary smooth real-analytic hypersurface with a defining
functionρ(z, z) and letz0 ∈ Γ . In a suitable neighborhoodU � z0 to every
pointw ∈ U we can associate its so-called Segre variety defined as

Qw = {z ∈ U : ρ(z, w) = 0} . (1)

We can find neighborhoodsU1 � U2 of z0, where

U2 = ′U2 × ′′U2 ⊂ C
n−1
′z × Czn , (2)

such that for anyw ∈ U1, Qw is a closed smooth complex-analytic hyper-
surface inU2. Herez = (′z, zn). Furthermore, a Segre variety can bewritten
as a graph of a holomorphic function,

Qw =
{
(′z, zn) ∈ (′U2 × ′′U2) : zn = h(′z, w)

}
, (3)

whereh(·, w) is holomorphic in′U2.U1 andU2 are usually called astandard
pair of neighborhoods ofz0. A detailed discussion of Segre varieties can be
found in [DW], [DF2] or [DP1].
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A real-analytic hypersurfaceΓ is calledessentially finiteat a pointz0 ∈
Γ if theSegremapλ : z → Qz is finite-to-one in some neighborhood ofz0,
or equivalently, if the set

Iw = {z ∈ U1 : Qz = Qw} (4)

is finite for everyw nearz0.Γ is said to be essentially finite if it is essentially
finite at every point. Throughout the paper we assume that a standard pair of
neighborhoodsU1 � U2 of any point onΓ is always chosen in such a way
thatIw is finite for anyw ∈ U1. For further discussion of essential finiteness
of real-analytic hypersurfaces see [BJT] or [DF2].

Definition 1. A holomorphic correspondence between two domainsD and
D′ inC

n is a complex-analytic setA ⊂ D×D′ whichsatisfies: (i)dimC A ≡
n and (ii) the natural projectionπ : A → D is proper.

We use the right prime to denote the objects in the target domain. The
setA can also be treated as a graph of the multiple valued mapping defined
by F := π′ ◦ π−1, whereπ′ : A → D′ is the natural projection.

Definition 2. LetU andU ′ be open sets inCn and letf : U → U ′ be a
holomorphic mapping. We say thatf extends as a holomorphic correspon-
dence to an open setV ⊃ U , if there exist an open setV ′ ⊂ C

n and a
holomorphic correspondenceA ⊂ V × V ′ such thatΓf ⊂ A, whereΓf is
the graph of the mappingf .

Remark 1.If f extends toV as a correspondence, thenV ′ can always be
chosen to beCn.

3. Extension as a correspondence

The next proposition is the main tool in propagation of analyticity of holo-
morphic mappings along real-analytic hypersurfaces.

Proposition 1. Let Γ ⊂ C
n be a smooth real-analytic essentially finite

hypersurface anda ∈ Γ . LetU1 � U2 be a standard pair of neighborhoods
of a. Let f : Ua → C

n be a biholomorphic mapping,f(Ua ∩ Γ ) ⊂ Γ ′,
whereUa is an arbitrarily small neighborhood ofa,Ua ⊂ U1 andΓ ′ � C

n

is a compact smooth real-algebraic hypersurface. Then for anyb ∈ (Qa ∩
U1)\Λ, whereΛ ⊂ (Qa ∩U1) is an analytic set of dimension at mostn−2,
there exists a neighborhoodW of a connected component ofQb ∩ Γ ∩ U1
containinga, such thatf |Ua∩W extends as a holomorphic correspondence
toW .
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Let us clarify the statement of Proposition 1. Consider a pointb ∈ Qa ∩
U1. From the properties of Segre varieties (see e.g. [DW]),a ∈ Qb. In
general,Qb∩Γ ∩U1 may contain several connected components.We choose
the component ofQb∩Γ ∩U1 which containsa. Then the proposition claims
thatf extends as a holomorphic correspondence to a neighborhood of that
component for almost anyb ∈ Qa ∩ U1.

Proof. The idea of the proof is similar to that of [S], Proposition 5.1. For
completeness we give a proof here, emphasizing the changes that should be
applied whenΓ ′ is not strictly pseudoconvex. The proof of the proposition
consists of several steps:

Step 1:Construct a correspondenceF in a neighborhoodUb of a point
b ∈ Qa \ Λ.
Step 2:Construct a multiple valued mappingF ∗ in a neighborhoodW of a
connected component ofQb ∩ Γ .

Step 3:Show thatF ∗ containsf as a branch in some neighborhood ofa.

Step 4:Show thatW in Step 2 can be chosen in such a way that the multiple
valued mappingF ∗ is a holomorphic correspondence.

Step 1.Let us choose a thin neighborhoodV of the setQa ∩ U1 and shrink
the neighborhoodUa so that for anyw ∈ V the setQw ∩ Ua is nonempty
and connected. Define

A = {(w,w′) ∈ V × C
n : f(Qw ∩ Ua) ⊂ Q′

w′}. (5)

It is shown in [S], Proposition 3.1 thatA is an analytic set inV × C
n.

Further, from the algebraicity ofΓ ′ it follows that the equations defining
A are algebraic inw′ (for details see [S], Proposition 3.1; similar argument
is used in Step 2 of the proof of this proposition). ThusA extends to an
analytic set inV × P

n which we denote for simplicity byA.
LetΩ ⊂ (Ua ∩ V ) be a small open set containinga. By the invariance

property of Segre varieties under biholomorphic mappings, forw ∈ Ω

f(Qw ∩ Ua) ⊂ Q′
f(w). (6)

ThereforeΓf |Ω ⊂ A andA �= ∅. Let (w,w′) ∈ A ∩ (Ω × f(Ω)) be an
arbitrary point. Thenf(Qw ∩ Ua) ⊂ Q′

w′ . In view of (6) we conclude that

w′ ∈ I ′
f(w). (7)

By [DF1], any compact real-analytic hypersurface inC
n is of finite type

(in the sense of D’Angelo), in particular it is essentially finite. Therefore by
shrinkingΩ if necessary, we may assume thatI ′

f(w) is a finite set inf(Ω).
This implies thatdimC A ∩ (Ω × f(Ω)) = n.
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We consider only the irreducible component ofA that containsΓf |Ω .
Denote this component again byA.

Let π : A → V andπ′ : A → P
n be the natural projections. Define

Λ̃ = {w ∈ V : dim(π−1(w) ∩A) ≥ 1}. (8)

By Cartan-Remmert’s theorem (see e.g. [L])Λ̃ is an analytic set, and it was
shown in [S], Proposition 3.3, thatdimC Λ̃ ≤ n − 2. We setΛ = Qa ∩ Λ̃.
From [S], Proposition 3.1 and Lemma 5.4, for anyb ∈ (Qa ∩ U1) \ Λ
one can find a simply connected setV1 ⊂ V \ Λ̃ with a, b ∈ V1 such that
after possibly a linear fractional transformation of the target coordinates
w′, which is holomorphic onΓ ′, the setA ∩ (V1 × C

n) is a holomorphic
correspondence extendingf |V1∩Ua .

Consider the restriction of the extended correspondence to some neigh-
borhoodUb � b,Ub ⊂ V1, and letF : Ub → C

n be a correspondingmultiple
valuedmapping, that isF = π′ ◦π−1|Ub

. Wemention some important prop-
erties ofF . Letz′ ∈ F (Ub). Then for anyz ∈ F−1(z′), f(Qz ∩Ua) ⊂ Q′

z′ .
Sincef is biholomorphic inUa,

Qz1 ∩ Ua = Qz2 ∩ Ua, ∀ z1, z2 ∈ F−1(z′). (9)

Therefore sinceΓ is essentially finite,F−1(z′) is finite for anyz′ ∈ F (Ub).
It follows that

dimF (Qz ∩ Ub) = 2n− 2, if z ∈ U1 andQz ∩ Ub �= ∅. (10)

This in particular implies that ifw′ ∈ F (w), then

F (w) ⊂ I ′
w′ . (11)

Step 2.LetW be a neighborhood of the connected component ofQb∩Γ∩U1
that containsa. We chooseW and shrinkUb so that for allz ∈ W , Qz ∩Ub

is nonempty and connected. Let

Σ = {z ∈ Ub : π is not locally biholomorphic near π−1(z)} (12)

be the singular locus ofF and let

E = {z ∈ W : (Qz ∩ Ub) ⊂ Σ} . (13)

Define

A∗ =
{
(w,w′) ∈ (W \ E) × C

n : F (Qw ∩ Ub) ⊂ Q′
w′

}
. (14)
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Let (w,w′) ∈ A∗. Consider an open simply connected setΩ ⊂ (Ub \ Σ)
such thatQw ∩Ω �= ∅. Then the branches ofF are correctly defined inΩ,
andF (Qw ∩ Ub) ⊂ Q′

w′ is equivalent to

F̃ (Qw ∩Ω) ⊂ Q′
w′ (15)

for all branches̃F of F . Such neighborhoodΩ exists for anyw ∈ (W \E).
The inclusion (15) can be written as a system of holomorphic equations as
follows. LetP (z′, z′) be the defining polynomial ofΓ ′. Then (15) can be
expressed as

P ′(F̃ (z), w′) = 0, for any z ∈ Qw ∩Ω. (16)

ChoosingΩ as in (2) and using (3) we obtain

P ′
(
F̃ (′z, h(′z, w)), w

)
= 0, ∀ ′z ∈ ′Ω, (17)

which is an infinite system of equations holomorphic inw and algebraic in
w′. Thus locally (14) is given by a system of equations holomorphic in some
neighborhood of(w,w′). To prove thatA∗ is a complex analytic set in(W \
E)×C

n it remains to show thatA∗ is closed. Suppose(zν , zν ′) → (z0, z0′)
asν → ∞, (zν , zν ′) ∈ A∗ andz0 ∈ (W \E). ThenF (Qzν ∩ Ub) ⊂ Q′

zν ′ .
SinceQzν → Qz0 andQ′

zν ′ → Q′
z0′ , we deduce thatF (Qz0 ∩Ub) ⊂ Q′

z0′ ,

(z0, z0′) ∈ A∗, andA∗ is closed.
In view of essential finiteness ofΓ , the setE is finite. Letp ∈ E. Then

A∗ ∩ ({p} × C
n) ⊂ {p} × {z′ ∈ U ′ : F (Qp) ⊂ Q′

z′}. (18)

Notice that ifw′ ∈ F (Qp) ⊂ Q′
z′ , thenz′ ∈ Q′

w′ . Hence the set{z′ ∈ U ′ :
F (Qp) ⊂ Q′

z′} has dimension at most2n − 2. ThereforeA∗ ∩ (E × C
n)

has Hausdorff2n-measure zero, and by Bishop’s theorem (see e.g. [C]), it
is a removable singularity forA∗, andA∗ is an analytic set inW × C

n.
The multiple valued mapF ∗ is now defined byF ∗ = π′ ◦ π−1, where
π : A∗ → W andπ′ : A∗ → C

n are the natural projections.

Step 3.To simplify notations we denoteA∗ byA∗ andW ∩ Ua ∩ V byUa.
To show thatΓf |Ua

⊂ A∗ it is enough to prove the following lemma.

Lemma 1. A∗ ∩ (Ua × C
n) = A ∩ (Ua × C

n).

Proof. Let us first show that the following three inclusions are equivalent
for z ∈ Ua andQz ∩ Ua �= ∅:

i) f(Qz ∩ Ua) ⊂ Q′
z′

ii) F (Qz ∩ Ua) ⊂ Q′
z′

iii) F (Qz ∩ Ub) ⊂ Q′
z′ .

(19)
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Indeed, supposef(Qz ∩Ua) ⊂ Q′
z′ . Then by the invariance property of

the Segre varieties,z′ ∈ I ′
f(z). Letw ∈ Qz ∩Ua andw′ ∈ F (w). It follows

from the definition ofF that f(Qw ∩ Ua) ⊂ Q′
w′ , andz ∈ Qw implies

f(z) ∈ Q′
w′ . Thereforew′ ∈ Q′

f(z). Since(w,w′) ∈ A was arbitrary,
F (Qz ∩ Ua) ⊂ Q′

f(z) = Q′
z′ . Thus i)⇒ ii).

Suppose ii) holds. From (7) we havez′ ∈ I ′
f(z). Letw ∈ Qz ∩ Ub and

w′ ∈ F (w). Then by the definition ofF , f(Qw ∩Ua) ⊂ Q′
w′ , in particular,

f(z) ∈ Q′
w′ asz ∈ Qw ∩ Ua. But thenw′ ∈ Q′

f(z). Since(w,w′) was
arbitrary,F (Qz ∩ Ub) ⊂ Q′

f(z) = Q′
z′ , and ii)⇒ iii).

Finally, supposeF (Qz ∩Ub) ⊂ Q′
z′ . Letw ∈ Qz ∩Ub andw′ ∈ F (w).

Thenw′ ∈ Q′
z′ . On the other hand, by the definition ofF , f(Qw ∩ Ua) ⊂

Q′
w′ , in particular,f(z) ∈ Q′

w′ and thereforew′ ∈ Q′
f(z). Thusw

′ ∈
Q′

z′ ∩Q′
f(z). SincedimF (Qz ∩Ub) = 2n− 2, we conclude thatz′ ∈ I ′

f(z).
This proves that iii)⇒ i).

Now the assertion of the lemma easily follows. Let(z, z′) ∈ A∗ ∩ (Ua ×
C

n). ThenF (Qz ∩ Ub) ⊂ Q′
z′ and therefore by (19),f(Qz ∩ Ua) ⊂ Q′

z′ .
But this means(z, z′) ∈ A. Conversely, if(z, z′) ∈ A ∩ (Ua × C

n), then
f(Qz ∩ Ua) ⊂ Q′

z′ and therefore by (19),F (Qz ∩ Ub) ⊂ Q′
z′ . But then

(z, z′) ∈ A∗. Lemma 1 is proved. ��

Step 4.Consider the irreducible component ofA∗ which coincides withA in
Ua × C

n. For simplicity denote it byA∗. To finish the proof of Proposition
1 we need to show that we can chooseW and a neighborhoodU ′ of Γ ′
such thatA∗ ∩ (W × U ′) is a holomorphic correspondence. LetU ′ be a
neighborhood ofΓ ′ such that the Segre mapλ′ : z′ → Q′

z′ is finite-to-one
in U ′. Letπ : A∗ → W andπ′ : A∗ → U ′ be the natural projections.

We first show that for anyz ∈ Γ ∩W

F ∗(z) = π′ ◦ π−1(z) ⊂ Γ ′. (20)

Indeed, consider the setπ−1(Γ ∩W ) ⊂ A∗. This is a real-analytic subset of
A∗ of dimension2n− 1. LetS = π′−1 (Γ ′). If (z, z′) ∈ A∗ ∩ (Ua × C

n),
andz ∈ Γ , then by Lemma 1 and (7),z′ ∈ If(z). By [DW], for anyz′ ∈ Γ ′,
I ′
z′ ⊂ Γ ′, and therefore

π−1(Γ ∩ Ua) ⊂ S. (21)

Hence the whole irreducible component ofπ−1(Γ ∩W ) containingπ−1(a)
is contained inS. From (11) and the fact thatI ′

z′ ⊂ Γ ′ for anyz′ ∈ Γ ′, the
assertion follows.

Now let us show thatW can be chosen so small that

A∗ ∩ (W × ∂U ′) = ∅. (22)
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If not, then thereexistsasequence(zj , z′j) ∈ A∗ such thatzj → z0 ∈ Γ∩W
andz′j → z′0 ∈ ∂U ′ asj → ∞. Then(z0, z′0) ∈ A∗ andz′0 /∈ Γ ′ (recall
thatΓ ′ is compact andU ′ ⊃ Γ ′). But this contradicts (20).

Since the change of coordinatesw′ performed earlier, is holomorphic
nearΓ ′, (22) also holds for the original coordinate system. From that equa-
tionπ : A∗ → W is proper, andbyLemma1dimC A

∗ = nandΓf |Ua
⊂ A∗.

ThusA∗ ∩ (W × U ′) is the desired holomorphic correspondence. ��

4. Proof of the main result

Proposition 1 allows us to extend a germ of a holomorphic mapping defined
at a point on the hypersurface along certain Segre varieties. This will be the
main tool in the proof of Theorem 1. To apply Proposition 1 we need to
connect different points on∂D by Segre varieties. The proposition below
provides some information on the existence of such Segre varieties.

Let Γ ⊂ C
n be a smooth real-analytic hypersurface and let0 ∈ Γ be a

strictly pseudoconvex point. By [CM] there exists a biholomorphic change
of coordinates near the origin such that in a new coordinate system the
defining function ofΓ has the form

ρ(z, z) = 2xn +
n−1∑
k=1

|zk|2 +
∑

|K|,|L|≥2

ρKL(yn)(′z)K(′z)L. (23)

Proposition 2. SupposeΓ is a smooth real-analytic hypersurface with the
defining function given as in(23). LetU1,U2 be a standard pair of neighbor-
hoods of the origin. Then there existsδ > 0 such that for anyw ∈ U1 ∩ Γ ,
w = (′w, un + ivn), satisfying

|vn| < δ|′w|, |w| < δ, (24)

we can find a pointz ∈ (U1 ∩Q0 ∩Qw).

Proof. Letw ∈ Γ satisfy (24). Then

Qw =


zn + wn+

n−1∑
k=1

zkwk +
∑

|K|,|L|≥2

ρKL

(
zn − wn

2i

)
′zK ′wL =0


 .

(25)

z ∈ Q0 implieszn = 0, and thereforez satisfies

wn +
n−1∑
k=1

zkwk +
∑

|K|,|L|≥2

ρKL

(
−wn

2i

)
′zK ′wL = 0. (26)
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Sincew ∈ Γ ,

2un + |′w|2 +
∑

|K|,|L|≥2

ρKL(vn)(′w)K(′w)L = 0. (27)

From (26) and (27) we obtain

ivn − 1
2
|′w|2 +

n−1∑
k=1

zkwk + Φ(′z, ′w, vn) = 0, (28)

whereΦ(′z, ′w, vn) is holomorphic in′z andΦ(′z, ′w, vn) = o(|′z|2+|w|2).
Let ′z = t

′w
|w| , t ∈ C. Then from (28),

ivn

|′w| − 1
2
|′w| + t+ Φ̃(t, ′w, vn) = 0. (29)

If |t| = ε, ε > 0, w satisfies (24) andδ is sufficiently small, then∣∣∣ iv|′w| − 1
2
|′w| + Φ̃(t, ′w, vn)

∣∣∣ < ε. (30)

Therefore, by Rouch́e’s theorem equation (28) has a solution′z = t
′w
|w| ,

where|t| < ε. Finally, If ε is chosen small enough, thenz ∈ U1. ��
Now letL = {z ∈ U1 : ′z = xn = 0} and let fix somez = (′0, iyn) ∈

L. Then there existsδ > 0 such that for anyw ∈ U1∩Γ ,w = (′w, un+ivn),
satisfying

|yn − vn| < δ|′w|, |z − w| < δ, (31)

one can find a pointζ ∈ (U1 ∩Qz ∩Qw). For that it is sufficient to perform
a translation shiftingz to the origin and apply Proposition 2. Moreover,δ
can be chosen uniformly for allz ∈ L in a small neighborhood of the origin.

Remark 2.If ζ ∈ (U1 ∩ Qz ∩ Qw), then there exists a path inQζ ∩ Γ ∩
U1 which connectsz andw. Indeed, it is well known that ifΓ is strictly
pseudoconvex,ζ is close toΓ , andρ(ζ, ζ) > 0, thenQζ ∩ {z ∈ U1 :
ρ(z, z) < 0} is connected, andΓ andQζ intersect in general position.

For further reference define

Ωz,δ =
{
w ∈ U1 ∩ Γ : |yn − vn| < δ|′w|, |z − w| < δ

}
, (32)

wherez ∈ L andδ > 0.

Proof of Theorem 1.We use the following notation:Γ = ∂D, Γ ′ = ∂D′.
LetΓ+ be the strictly pseudoconvex part ofΓ , Γ− be the set of points onΓ
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where the Levi form of the defining function ofΓ has at least one negative
eigenvalue, and letΓ 0 = Γ \ (Γ+ ∪ Γ−).

In view of the result of [DF2] and [BR] it is enough to consider the
case when both domains are not pseudoconvex. It is well-known that any
holomorphic function inD extends pastΓ−. Let us show thatf extends

holomorphically to a neighborhood of a dense open subset ofM = Γ 0\
◦
Γ+,

where
◦
Γ+ is the interior of the setΓ+. Observe thatM is a semi-analytic set

which admits stratificationM = ∪kMk, whereMk is a locally finite union
of smooth real-analytic manifolds of dimensionk, k = 0, 1, . . . , 2n − 2.
For details see [BM].

Suppose0 ∈ M , U is a neighborhood of the origin,M ∩U is a smooth
connected generic submanifold ofΓ anddim(M ∩ U) = 2n− 2. ThenM
dividesΓ ∩ U into two connected components which we denote byM+

andM−. LetM− be the component which is contained inΓ−, and we
may assume thatf is holomorphic onM−. Let b ∈ Q0 ∩ U andSb be the
connected component ofQb ∩ Γ ∩ U that contains0.

Lemma 2. We can choose pointsb ∈ Q0 ∩ U anda ∈ Sb such that
(i) a ∈ M−
(ii) Jf (a) �= 0
(iii) if Λ is the set from Proposition 1, thenb ∈ (Qa ∩ U) \ Λ
Proof. Proposition 4.1 of [S] can be reformulated as follows. There exists
an open setω ⊂ Q0 ∩ U such that for anyb ∈ ω,M− ∩ Sb is a nonempty
real-analytic subset ofM− of dimension2n − 3. Thus we can chooseb ∈
ω such thatJf �≡ 0 on M− ∩ Sb, whereJf (z) is the Jacobian of the
mappingf . Leta ∈ M− ∩ Sb with Jf (a) �= 0. Notice thatb ∈ ω ∩Qa and
dimC Qa ∩ ω = n− 2. If b ∈ Λ, butω ∩Qa �⊂ Λ, we replaceb by another
point from(ω ∩Qa) \Λ. If (ω ∩Qa) ⊂ Λ we can slightly change the point
a ∈ Sb ∩M− such thatJf (a) �= 0 still holds butω ∩Qa �⊂ Λ, as the set̃Λ
defined in Proposition 1 does not depend ona. After that we can find a new
b ∈ (Qa ∩ ω) \ Λ. ��

By Proposition 1, for a small neighborhoodUa � a, f |Ua extends as
a holomorphic correspondence to a neighborhood ofSb. Therefore there
exists a neighborhoodU0 of the origin such thatf |U0∩D extends toU0 as a
holomorphic correspondence. By [DP2], if a proper holomorphic mapf :
D → D′ extends as a holomorphic correspondence to some neighborhood
of a point0 ∈ ∂D, thenf in fact extends as a holomorphic mapping.

Note thatM is generic at almost any point where the dimension ofM is
2n−2. IfM∩U is a submanifold anddimM < 2n−2, thenwe can always
find a generic submanifold inΓ of dimension2n−2which containsM ∩U .
By repeating the argument that we used for extension to generic points of
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M we now extendf to a dense open subset ofM . Denote byΣ ⊂ Γ the set
of points of holomorphic extendability off . Thus we proved the following
lemma.

Lemma 3. (Γ− ∪M1) ⊂ Σ, whereM1 is a dense open subset ofM .

From the above considerations,Σ intersects every connected component
of Γ+. Our next goal is to show thatΓ+ ⊂ Σ. Let z0 ∈ Σ ∩ Γ+ and let
w0 ∈ Γ+ be an arbitrary point in the same component ofΓ+ asz0. We
connectz0 andw0 by a pathτ : [0, 1] → Γ+.

Lemma 4. If t0 ∈ (0, 1] andf extends holomorphically toτ(t) ⊂ Γ+ for
any0 < t < t0, thenf extends holomorphically to a neighborhood ofτ(t0).

Proof. Without loss of generality assume thatτ(t0) = 0 and τ is real-
analytic neart0. First suppose thatτ is tangent toT c

0 (Γ ), the complex
tangent plane toΓ at the origin. After an appropriate change of coordinates
wemay assume that for anyδ > 0 there existsa ∈ (τ ∩Ω0,δ), whereΩ0,δ is
defined as in (32). By Proposition 2, there exists a pointb in a neighborhood
U of the origin such thata ∈ Qb ∩U and0 ∈ Qb. Furthermore, by Remark
2 for a and b sufficiently close to the origin,Qb ∩ Γ ∩ U is connected.
Again, if necessary we can slightly move pointsb anda in such a way that
b ∈ Qa \Λ andJf (a) �= 0. Then Proposition 1 applies, andf |Ua extends as
a correspondence to a neighborhood ofQb ∩Γ ∩U , and thereforef extends
as a correspondence to the origin. By [DP2]f extends as a holomorphic
mapping.

Now suppose that the angle between the tangent vector ofτ(t) and
T c

τ(t)(Γ ) is bounded below from zero ast → t0. By the result of [CM]
there exists a local biholomorphic change of variables such that the defining
function ofΓ near the origin is given in the form (23) andτ contains the set

L = {z ∈ U1 : ′z = xn = 0; yn ≥ 0}.
By Proposition 2 we can findδ > 0 andw ∈ L, such that

Ωw,δ ∩Ω0,δ �= ∅ (33)

Let a ∈ Ωw,δ ∩ Ω0,δ. Applying Proposition 1 and [DP2] we first continue
f holomorphically fromw to a neighborhood ofa along the Segre variety
connecting these points. Then similarly we extendf holomorphically along
the Segre variety connecting pointa and the origin. ��

It follows from Lemma 4 thatΓ+ ⊂ Σ. The remaining part of the
hypersurface, to whichf does not extend holomorphically, is contained in
Γ 0. By repeating the arguments which we used for extension across the
setM , we can show thatf extends holomorphically to a neighborhood of
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every regular pointz of Γ 0. Note that the set of points ofΓ whereTz(Γ 0)
is contained inT c

z (Γ ) is a subvariety of dimension at most2n− 3.
According to [N], the singular part of a real-analytic set defined by a

finite system of equations is contained in some real-analytic set of lower
dimension. Thus we can use an inductive procedure to extendf to every
point onΓ . Theorem 1 is proved. ��
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