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REAL ANALYSIS LECTURE NOTES

RASUL SHAFIKOV

8. BASIC THEORY OF DISTRIBUTIONS
8.1. Definition and examples of distributions.

Definition 8.1. A linear continuous functional f on the space D(Q) is called a distribution. The
linear space of all distributions is denoted by D'(Y)

The continuity here means the following: for every sequence (g;) of test-functions converging to
¢ in D(Q) we have lim;_, f(¢;) = f(¢). By the linearity of f this is equivalent to the continuity
at the zero vector: f is continuous if and only if lim;_, f(¢;) = 0 for every sequence ¢; — 0 in
D(Q). Following the tradition, we will use the notation f(p) = (f, ¢) which has certain advantages.
Consider some examples.

Example 8.1. Denote by L}OC(Q) the space of locally Lebesgue-integrable functions on {2; a mea-
surable function f is in L, () if and only if [ |f(z)|dz < oo for every compact measurable subset
X C Q. Then f defines a distribution Tt € D'(€2) acting on every test-function ¢ € D(Q) by

(1) (Ty, ) = /Q f(@)p(x)da.

This is a linear functional on D(2) by the linearity of the integral. The continuity of Tt follows
from the definition of the topology on D(2) and the Lebesgue Dominated Convergence Theorem.
o

Thus, we obtain a linear map
L:LL.(Q) — D(Q)
L: f — Tf
By linearity the injectivity of L is equivalent to the fact that L='(0) = {0}. The latter is a
consequence of the following classical statement.

Proposition 8.2. Ty =0 in D'(Q) if and only if f € Li,.(Q) vanishes almost everywhere in Q.

loc

Proof. We will just show that if Ty = 0 in D'(Q) then f vanishes almost everywhere in §; the
converse is obvious. Let p be an arbitrary point of ; fix an » > 0 such that the closed ball
B(p,r) is contained in . Let n be a function of class C*°(R") such that n = 1 on B(p,r/2) and
suppn C B(p,r). Thennf € L*(R") and T, ; vanishes in D’'(R"). On the other hand for every € and
every x the function y — n(y)w:(z — ) is in D(R™) so (nf)e(z) = [pn f(y)n(y)we(z —y)dy = 0 for
every x € R™. By (iii) of Proposition ?? || nf — (nf)e ||[;1— 0, e — 0. Hence nf represents 0 in
L'(R™) and so vanishes almost everywhere. Therefore, f vanishes almost everywhere on B(p,r/2).

Since p is arbitrary point, the general statement follows. ]

Thus, every "usual” function f of class L}, (€2) can be identified with a distribution T. In what
follows we often drop the T" and write (f,¢) instead of (T, ) viewing usual functions as distri-
butions. Such distributions (defined by (1)) are called regular. However, the class of distributions
is much larger so the space of distributions D’'(2) is a far reaching generalization of the notion of
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a usual function. Distributions which are not regular, are called singular. The following example
confirms their existence.

Example 8.2. Consider the distribution §(x) € D'(R™) (the famous Dirac delta function) defined

by
(0(z), 0) = ¢(0)
for ¢ € D(R™). Suppose that there exists a function f € L} () such that § = T. For every € > 0

loc
2

consider the function 1. € D(Q2) defined by ¥.(x) = R for |z| < e and ¢.(z) =0 for |z| > e.
Then (6, 1)) = 1-(0) = e~*. On the other hand

H%%>=/f®ﬂ&@m

and by the Lebesgue convergence theorem the last integral tends to 0 as € tends to 0: a contradiction.
Thus, the J-function is a singular distribution. Similarly, for every a € R™ one can define the
translated delta function d,:

(0a; ) = (a).

o

Example 8.3. Another interesting and typical example of a singular distribution is given as fol-

lowing;:
1 . (;S(x) L . —€ (b(x) —+00 ¢(x)
(P;,@ = v.p./Rm dx = ehn%+ </_OO de +/5 md:E)

(v.p. stands for valeur principale in the sense of Cauchy of the integral). Let us show that this
linear functional is continuous on D(R). Consider a sequence (¢;) converging to 0 in D(R). In
particular, there exists A > 0 s.t. ¢;(z) = 0 for every j and every |z| > A. Then, applying the
Mean Value Theorem to ¢; on the interval [0, z], we have

= 'v.p-/ gbj(gc)d:n‘ = v.p./A ¢;(0) + 2 (£(x))
R T

—A x
A
< [ lojtetniar <24 swp (6] — 0.5 —0
—A [—A,A]

dx
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8.2. Convergence of distributions. Now we define a topology on the space of distributions. For
applications it is sufficient to use the standard notion of weak* convergence.

Definition 8.3. A sequence of distributions (f;) converges to a distribution f in D' () if for every
© € D(Q2) one has lim; oo (fj, ) = (f,¢).
The following simple example of convergence is very important.

Proposition 8.4. w. — § in D'(R™) as ¢ — 0+.
Proof. Given ¢ € D(R™) we need to show that

lim [ we(2)¢(z)dz = $(0).

E—>

For every 7 > 0 there exists an €9 > 0 such that |¢(x) — ¢(0)] < 7 when |z| < 9. Using the
properties of the bump-function we obtain

[ we@)otarts - 60

s/;@%@mmm—¢mwm<r
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Another fundamental property of the space D'(2) is its completeness.

Theorem 8.5. Let (f;) be a sequence in D'(Q) such that for every ¢ € D(Q) the sequence ({fj,¢))
converges in R. Consider the map f : D(Q2) — R defined by

(frp) = jEnoo<fjaSD>»%0 € D(Q).
Then f € D'().

Proof. The linearity of f is obvious so we just need to establish its continuity. Let ¢ — 0 as
k — oo in D(2). Arguing by contradiction suppose that (f, ¢x) does not converge to 0. Passing
to a subsequence we may assume that there exists an € > 0 such that |(f,pr)| > 2¢ for all k.
Since (f, pr) = lim; oo (fj, @k, for every k there exists ji such that |(f;,, pr)| > €. However, this
contradicts the following statement:

Lemma 8.6. Let (fx) be a sequence in D'(Q) satisfying assumptions of Theorem 8.5 and pj — 0
in D(Q). Then (fr,pr) — 0, k — oo.
Thus, in order to complete the proof of the theorem it suffices to prove the lemma.

Proof of Lemma 8.6. Suppose on the contrary that the statement of the lemma is false. Passing
to a subsequence we may assume that |{f, ¢x)| > C > 0. Since ¢ — 0 in D(Q2), we have:

(a) pr = 0 for all k outside a compact subset K C .

(b) For every « the sequence D%py converges uniformly to 0.

Passing to a subsequence we can assume that any k£ =0,1,2,...,

D ()] < 1/4, o] < k.
Set 1), = 2Fpy; then
(2) Dy ()| < 1/2%,|a| < k.

Furthermore, ¢4, — 0 in D(R™) and every series of type > 4y, (z) converges in D(£2). On the
other hand

(3) [ Fres V)| = 28y )| > 2°C — 00 as k — 0.

In order to achieve a contradiction, we construct by induction suitable subsequences ( f,) and (Y%, )
that satisfy inequalities (7) and (8) below. Choose f, and vy, such that |(fx,, %k, )| > 2. This is
always possible in view of (3). Suppose that Tk Yy 3 =1,...,s — 1, are already constructed. We
wish to find f,, ¥x,. Since ¢ — 0, & — oo in D(Q), we have limy o0 (fk;, Yx) — 0, for any
j=1,...,s — 1, and so there exists N such that for £k > N

(4) [(fyr )| <1/2579, j=1,...,5—1.
Moreover, since
lim <fk‘awk]> = <f»7/)k]> ] = 1’ ey 8§ 17
k—o0
there exists IN; > N such that for all £k > N;

(5) |<fka¢k]>|§|<fﬂwkj>|+17 ]:1’7‘9—1
Finally, in view of (3) we fix ks > Np such that

s—1
(6) [(Fros Vr)] = Y 1F k)| + 2
j=1
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Now it follows from (4), (5), (6) that the functions fx, and vy, satisfy

(7) [(fryo b )| < 1/2577 5 =1,..,s — 1,
s—1

(8) [(Frar )l =D 1w r, )| + 5 + 1.
j=1

This gives the inductive construction of the required subsequences. Set

Ple) = 3 v, ()
s=1

By (2) this series converges in D(2). Its sum 1) € D(Q) satisfies

oo

(fror®) = FrorVr) + D (Frortt;)

j=1.j#s

Therefore, keeping in mind (7), (8) we obtain

s—1 00
(Frar ¥ = (o )| = D Koo br) = D (e )|

j=1 j=s+1
oo
>s+1— Y 1/270 =5
J=s+1
that is (fi,,¥) — oo as s — oo. This contradicts the condition (fx,v¥) — (f,%), which
competes the proof. O

8.3. Multiplication of distributions. The product of two functions of class L}OC(R) in general
is not in this class (consider, for instance, f(z) = |z|~'/? and f2). This example shows that it is
impossible to define in a natural way even the product of regular distributions. In fact one can
show that it is impossible to define a multiplication of two distributions which satisfies the standard
algebraic properties (commutativity, associativity,...). However, one can define the product of a
distribution f € D'(2) and a function a € C*(Q).

First, consider the case when f € L} (), i.e., f is a regular distribution. Then the distribution

loc
corresponding to the usual product af acts on a test-function ¢ by

(Tur o) = /Q a(2) f(@)p(a)dx = (Ty, ap).

For the case of an arbitrary distribution f we take the right-hand side of this equality as a definition
of the distribution af, i.e., we set

(af, @) = (f,ap), ¢ € D).

Observe two immediate properties of the algebraic operation of multiplication of a distribution
by a smooth function a:
(a) Linearity. For every f,g € D'(Q2) and real \, u we have

a(Af + png) = Maf) + plag)
(b) Continuity. If f; — f in D’(Q2) then af; — af in D'(Q).
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Example 8.4. a(z)dé(x) = a(0)d(z), since
{ad, @) = (4, ag) = a(0)$(0) = (a(0), ¢)

O

Example 8.5. :):P% = 1. Indeed, for any ¢ € D(Q2), we have

1= lx =v x(ﬁ(x)x: x)dr =
@P1.0) = (Proad) = vp. [ Z0do = [ ofa)de = (1,9).

O

8.4. Composition with linear maps. Let f be a function of class L}, .(R") and let u : z — Az+b
be a bijective linear map of R™, i.e., det A # 0. Given ¢ € D(Q2) consider

(Trousd) = [ FlAy+ Do)y = det A7 [ fl@)o(4™! = D)o

— det AN Ty, (A~ (z — b))).
For an arbitrary f € D/(€Q)) we take the last equality as a definition of the distribution fowu =
f(Ay +b), that is,

(f(Ay+1b),0) := [det A|7H{f, (A} (z — D))
The distribution f(z +b) is called the translation of a distribution f by a vector b. In particular,
(0(y — a), ¢) = (3, d(z + a)) = ¢(a)

Recall that we also denoted above this distribution by 4.

8.5. Dependence on a parameter. The continuity of distributions implies their ”good” be-
haviour under an action on test-functions depending on a real parameter. We will often use this
property and its variations.

Theorem 8.7. Let X and Y be domains in R™ and R™ respectively and ¢ € C*°(X xY'). Suppose
that there exists a compact subset K C X such that p(z,y) = 0 for every (z,y) with v ¢ K. Then
for every f € D'(X) the function

F:Y sy (f(2), 0(x,y))
is of class C*(Y') and
D;(f(x),cp(x,y)) - (f(:v),D;‘cp(xt,y))

Proof. (a) Let us show that F is a continuous function. Let y* € R™ be a sequence converging to
y € Y. We can assume that the points 3* are in a fixed closed ball B C Y .Then

I DY, y*) = Dio(x,y) llop) <l VDe(,y) llogxs) [y* — vl

Since the supports of all functions z ~ Dggo(a:,yk) are contained in K, the sequence p(xz,y")
converges to ¢(x,y) as k — oo in D(X) and F(y*) — F(y),k — oo by continuity of f.
(b) Next we study the partial derivatives of F'. For the element ej, j = 1, ...,m, of the standard
basis of R™, and every fixed y € Y we have
p(z,y + tej) — p(x,y) 9

. — 87%(@(90,3/)>7t—>0

in D(X). Therefore,

FF-+165) = () = (o) 3o+ 165) = pla)) — (o) 5peelenn)
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Hence, the partial derivative of F' in y; exists and
0 0
7f$,(p1',y :fxaitvay'
gy @) pla) = (/@) goplan)

Part (a) shows that the partial derivative %_F is continuous. Proceeding by induction, we obtain
J
that F' € C*°(Y) and satisfies the derivation rule stated in the theorem. O



