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HOMEWORK ASSIGNMENT 2. DUE FEBRUARY 26.

Let X C R™ be a measurable set. Prove that if a function f : X — R vanishes outside a
set of measure zero, then [y f(z)dz = 0 (Lebesgue integral). Start by proving that f is
measurable.

The Monotone Convergence theorem states that if {f,} is an increasing sequence of non-
negative measurable functions and f = lim f a.e., then

/ fdz = lim / fodz.

Use this theorem to prove that given a nonnegative integrable f on R, the function

Flz) = / F(t)dt
is continuous.

Let C = C?[0, 1] be the space of all continuous function on [0, 1], and define
1711 = ma 1)
Show that C' is a Banach space.

(i) Prove that a linear functional ¢ on a topological vector space X is continuous if and
only if there exists a neighbourhood of the origin where ¢ is bounded.

(ii) Suppose that X is an infinite dimensional normed space. Prove there exists a noncon-
tinuous linear functional on X.



